SYMMETRIC PRODUCTS OF THE LINE: 
EMBEDDINGS AND RETRACTIONS 



LEONID V. KOVALEV 

Abstract. The nth symmetric product of a metric space is the set of its nonempty 
subsets with cardinality at most n, equipped with the Hausdorff metric. We prove 
that every symmetric product of the line is an absolute Lipschitz retract and admits a 
bi-Lipschitz embedding into a Euclidean space of sufficiently high dimension. 



1. Introduction 

Let X be a metric space. The n-th symmetric product of X is the set of all nonempty 
subsets of X with cardinality at most n. This set, denoted X^"), is naturally endowed 
with the Hausdorff metric. But it is not naturally identified with any subset of the 
Cartesian product X" . Indeed, Borsuk and Ulam proved that for n > 4 the symmetric 
product [0, 1] '"^ does not admit a topological embedding into R", and asked whether 
there is such an embedding into R"+^ |5|. This question remains open except in low 
dimensions lTll4l[T9ll. 

In the context of metric spaces it is natural to seek embeddings that are bi-Lipschitz, 
not merely topological. Borovikova and Ibragimov proved in [3] that R(^) is lipeo- 
morphic to R^; previously these spaces were shown to be homeomorphic by Borsuk 
and Ulam HSj. Borovikova, Ibragimov and Yousefi lH obtained partial results toward 
bi-Lipschitz embedding of R^"^ into some Euclidean space R"'. Since there is no bi- 
Lipschitz counterpart of the Menger-Nobeling theorem for topological spaces, it is 
not always easy to decide whether a given metric space admits such an embedding. 
It turns out that R(") does. 

Theorem 1.1. The symmetric product R^") admits a bi-Lipschitz embedding into R'" where 
m = 2 [(e - 1) n!j. 

The dimension in Theorem 1 1.1 1 is much larger than the desired embedding dimen- 
sion m = n + 1, which remains conjectural. On the other hand, the proof is short and 
easily generalizes to symmetric products of other Euclidean spaces. 
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Theorem 1.2. The symmetric product (R'*)(") admits a bi-Lipschitz embedding into IR'" 
where m = 2(n + lY^^ [(e — 1) n!j . 

Since X'") contains an isometric copy of X (namely, the set of singletons), we have 
the following corollary of Theorem ll.2[ 

Corollary 1.3. The symmetric product of a metric space X admits a bi-Lipschitz embedding 
into a Euclidean space if and only ifX does. 

The proofs of the results stated above are constructive, but they do not say much 
about the structure of the image of the embedding. The following theorem addresses 
this issue. 

Theorem 1.4. The symmetric product ]R(") is an absolute Lipschitz retract. In particular, its 
image under the embedding ofTheorem \l.l\ is a Lipschitz retract ofW". 

A metric space X is a Lipschitz retract of a larger space Y if there is a Lipschitz map 
r : y — > X that fixes X pointwise. If X has this property for all choices of Y, it is an 
absolute Lipschitz retract. It was previously known that M^"^ is quasiconvex ||4, Theorem 
4.1], which is a weaker property than being an absolute Lipschitz retract. 

It remains unknown whether the property of being an absolute Lipschitz retract is 
inherited by symmetric products in general. The topological version of this question 
was raised already in |5l. The metric version was recently considered in IIT4) for spaces 
of unordered n-tuples, see also Problem 1.4 of the AIM problem list llTOll . 

2. PRELIMINARIES: METRICS ON CONES 
A map / : X — > y is Lipschitz if there exists a constant L such that 
'^y(/(^i)'/(^2)) < Ldxixi,X2) for all Xi,X2 G X. 
If / satisfies a two-sided bound 

L-'^ dx{xi,X2) < dY{f{xi),f{x2)) < Ldxixi,X2) for all Xi,X2 E X, 

then it is a bi-Lipschitz embedding. A surjective bi-Lipschitz embedding is called a 
lipeomorphism. 

The Hausdorff distance B) between two subsets A, B of a metric space X is 

the infimum of all number r > such that A is contained in the r-neighborhood of B, 
and vice versa. 

Notation a ^ b means that a < Cb where C is either universal or depends only on 
dimension, such as n in R" or R^"). If both a <b and a>b hold, then a ^ b. 
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The product of two metric spaces X x Y is given the Euclidean product metric, 

d^{{xi,yi),{x2,y2)) = d\{xi,X2) + d\{yi,y2). 

Definition 2.1. Given a metric space X of diameter at most 2, the cone over X is the 
set 

Cone(X) = X X [0,oo)/(X X {0}) 

with the metric 

(2.1) dc{tiXi,t2X2) = \ti -t2\ +mm{ti,t2)d{xi,X2). 
Here tx is an abbreviation for {x,t). 

To prove the triangle inequality for dc, take three points tiXi, i = 1,2,3, and let 
m = min(fi, t2, t^). Adding the inequalities 

\h-t3\ < \h-t2\ + \t2-h\-2{mm{h,t3)-m) 

and 

min(fi, fs) d{xi, X3) < m d{xi, x^,) + 2(min(ii, is) - m), 

we arrive at 

dc{hXi,t3X2,) < \ti - t2\ + \t2 - tsl + md{Xi,X3) 
< dc{hX2,t2X2) + dc{t2X2,hX3) 

as desired. 

In the literature one frequently finds another cone metric 

(2.2) dc{hxi,t2X2) = \l i\ + i2~ '^hh cos d{xi, X2) 

see, for example, [9, p. 91]. The following lemma implies the bi-Lipschitz equivalence 
of dc and dc. 

Lemma 2.2. Let (X, d) he a metric space with diamX < 2. Suppose that p is a metric on 
Cone(X) such that 

p{tXi,tX2) = td{Xi,X2) 

(2.3) p{hXi,t2X2) >\ti-t2\ 

p{tiX, t2x) < 10|fi — fil 

for all t, ti, ^2 > and x, Xi, X2 G X. Then p ^ dc. 

Proof. Take two points tiX-[ and 12X2 with t-[ > t2. From the triangle inequality and (|2.3|) 
it follows that 

p{tiXi,t2X2) < p{tiXi,t2Xi) + p{t2Xi,t2X2) < lQ\ti - t2\ + t2d{xi, X2) 
< lQdc{tiXi,t2X2). 
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In the opposite direction, adding the inequalities 

p{hXi,t2X2) > p{t2Xi,t2X2) -p{tiXi,t2Xl) > t2d{xi,X2) - 10\ti - f 2 | 

and 

iip{hxi,t2X2) > ii\h - h\, 

we obtain 12 jO(fiXi, f2a;2) > t^c(fi^i/ ^2^2)- D 

If X is bounded subset of R"', the Euclidean space structure gives yet another cone 
construction. By translating and scaling X, we may assume that G X and diam X < 
2. Consider R"'+^ as a linear superspace of R"' with the extra basis vector cq. The set 

{tx + {l - t)eo: t>0, xeX} 

inherits the metric from R"'+^ which satisfies (|2.3|) . Thus, Lemma l2!2l yields a corollary. 

Corollary 2.3. Suppose that a metric space X with diam X < 2 admits a bi-Lipschitz embed- 
ding into R'". Then Cone(X) admits a bi-Lipschitz embedding into R'"+^. 

The relation of cones to symmetric products is based on the following construction, 
which goes back to |T9l . Let I = [0, 1] and consider the spaces 

(2.4) ll"^ = {Ae : 0, 1 G A}, n > 2. 

Note that ll"^ is an (n — 2) -dimensional space: for example, ll^' = {{0, 1}} is a single- 
ton and ll'^'' = {{0,t,l}: < f < 1} is a circle. The space ll^^ is the well-known dunce 
hat and for n > 4 the spaces ll"^ could be called higher-dimensional dunce hats nH . 

Lemma 2.4. For n >2the space R^") is lipeomorphic to R x Cone(ll"^). 

Proof. Let Z = {B e R^"' : minB = 0}. Define the map /: R(") ^ R x Z by sending 
each set A G R^"^ to (min A, A — min A). It is evident that / is Lipschitz, and so is 
its inverse {b,B) 1— )■ B + b. It remains to show that Z is lipeomorphic to the cone over 

(n) 

Every set B G Z can be written as tE with E G I* and t = max B. This gives a bijec- 
tion between B and Cone (ll"^ ) . It is easy to see that the Hausdorff metric dy^ on B satis- 
fies ((ZSjl. Indeed, d7^(f£i, f £2) = id'^{{Ei,E2) is trivial. To prove £f^(fi£i, t2£2) > |fi — 
t2\, assume fi > t2 and observe that dist(fi, f2£2) = h ~ Finally, d^(fiE, f2£) < 
\h — ^2 1 because for every x E E the point t^x G f 1 £ is within distance | — ^2 1 of the 
point t2X G f2E- Thus, Z is lipeomorphic to Cone(ll"^). □ 

Combining Corollary 12.31 and Lemma 123] yields the following statement. 

Corollary 2.5. If ll""* admits a bi-Lipschitz embedding into R'", then R^") admits a bi- 
Lipschitz embedding into R'"+-^. 
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3. Bl-LlPSCHITZ EMBEDDINGS 

Let C denote the complex plane with the standard Euclidean metric. The following 
result is proved in [4J as the first step of the proof of Theorem 3.1. 

Lemma 3.1. [4J For n >2the set ll"^ admits a bi-Lipschitz embedding into C^''^-^^. 

The proof of Lemma ISTT] in [4] proceeds by mapping I onto the unit circle in C via 
t I—)- exp{27Tit). Since both and 1 are mapped to the same point, this embeds ll""* into 

c(«-i). 

The next step is to embed C*^"^^) into the Cartesian product of several copies of 
R("-i). Actually, we will prove a more general result. 

Lemma 3.2. For n,d >2 there exists a bi-Lipschitz embedding 

(3.1) g: (R'^)("-i) ^ (R'^-i)^"-!) X • ■ ■ X (R'*-i)("-i) 

^ V ' 

n times 

The embedding g is obtained by projecting finite subsets of R*^ onto n hyperplanes 
in generic position. This idea is not new. Renyi and Hajos proved that every (n — 1)- 
point subset of the plane is uniquely determined by its projections onto n lines |18|. 
This result was extended to higher dimensions by Heppes 1(151 . Subsequently, the 
problem of recovering finite sets from projections was extensively studied in the sub- 
ject of discrete tomography [ZUHKlZlllSJ. One should note, however, that in the afore- 
mentioned works projections are taken with multiplicities, while symmetric products 
are multiplicity-blind. 

Proof. Fix n distinct lines Li, . . . , L„ in R'*. Let gj be the orthogonal projection onto the 
orthogonal complement of Ly. The map gj induces a 1-Lipschitz map from (R*^) to 
also denoted gj. The product map g = {g-[, . . . ,gn) is also Lipschitz. It remains 
to prove the lower distance bound for g. 

For r > let Ty(r) be the open r-neighborhood of the line Lj, i.e., an open circular 
cylinder of radius r. Since the lines Lj are distinct, the intersections Tj{r) n T]({r), j ^ k, 
are bounded sets. Let M be a number such that 

(3.2) Tj{r) n Tk{r) C {x: \x\ < Mr} r > 0, j ^ k. 

Consider distinct sets A, B G (R**) '"^^^ and let p be the Hausdorff distance between 
them. Suppose that the Hausdorff distance between gj {A) and gj{B) is less than p/M 
for all /. This will lead to a contradiction, completing the proof. 
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Interchanging A and B if necessary, we may assume that there exists a point a G A 
such that 

(3.3) \a-'b\>p for all b G B. 

On the other hand, dist(gj(fl),gy (B)) < pi M, which implies that there exists a point 
b G B such that b — a G Ty(|0/ M). We have n cylinders T]{pl M), while the cardinality 
of B is at most n — 1. It follows that for some b G B the point h — a lies in the intersec- 
tion of two cylinders. From (|3.2|) we have | & — fl| < p, which contradicts (|3.3|) . □ 

Proof o/ Theorem We proceed by induction on n . The base case n = 1 is trivial, since 
R(^) is isometric to R. Suppose that ]R("^^) admits a bi-Lipschitz embedding into R'" 
where 

m = 2[{e-l){n-l)l\ =2{n-l)ll^^. 

Lemmas 13.11 and 13.21 imply that ll"^ admits a bi-Lipschitz embedding into R"'". By 
Corollary l2.5[ R^") admits a bi-Lipschitz embedding into R""'+^. It remains to observe 
that 

(1—1-1 "1 
nm + 2 = 2 + 2n! ^ - = 2n!^- = 2[(e-l)n!j. □ 

k=l k=l 

Proof of Theorem [772] Repeated application of Lemma l3!2l yields a bi-Lipschitz embed- 
ding of (R**)" into the Cartesian product of (n + lY^^ copies ofR("). It remains to 
apply Theorem ll.il □ 

4. LiPSCHITZ RETRACTIONS 

A subset y of a metric space X is a Lipschitz retract of X if there exists a Lipschitz 
map f: X ^ Y that fixes Y pointwise. A metric space is an absolute Lipschitz retract if 
it is a Lipschitz retract of any metric space containing it. 

For any metric space X and any positive integers k < n we have a natural inclusion 
X('^) c X^"). In general X^*^) is not a Lipschitz (or even topological) retract of X^"). For 
example, if X is the circle S^, then X^'^) is homeomorphic to IH which, being simply 
connected, does not retract onto X^^) = S^. This suggests a potentially interesting 
problem. 

Problem 4.1. Characterize the metric spaces X such that X^'^^ is a Lipschitz retract of 
X(") whenever k < n. 

The following lemma shows that the line R and its subintervals are among such 
spaces. Its proof relies on the tree structure of R and does not immediately extend to 
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Lemma 4.2. Let Xbe a nonempty connected subset o/R. Then for any integers 1 < k < n 
there is a Lipschitz retraction r: X'") — > X^^'. 

Proof. We may assume that G X, via translation. It suffices to consider k = n — 1, 
from which the general case follows by induction. Given a set A C X of cardinality 
n, order its elements and let S{A) = minjfly — : j = 2, . . . n}. For 

y = 1, . . . , n let 

{min(0, Uj + (n — i)5) if fly < 
max(0, ttj — jS) if fly > 

By construction, fl^ < ■ ■ • < and at least two of these numbers are equal, i.e., the 
pair that realizes the minimal distance S{A). We set r{A) = {a[,. . .,a'„}. For sets 
A C X of cardinality less than n, define S{A) = and r{A) = A. 

To prove that r is Lipschitz, we fix A, B G X^"). The definitions of S and r imply 

(4.1) \SiA)-S{B)\<2dniA,B) 
and 

(4.2) dn{A,r{A)) < max|fl; -fl-| < nS{A). 

Case 1: d{A) < 2d-u{A,B). Then ^(B) < 4d-H(A, B) by g!]). From the triangle 
inequality and (|4.2|) it follows that 

dn{r{A),r{B)) < dn{A,B) +nS{A) + nS{B) < (6n + 1) B). 

Case 2: S{A) > 2dn{A,B). Then^5(B) > Ohy^^. Order the elements of each set 
as fli < ■ • ■ < fl„ and hi < ■ ■ ■ <h„. Observe that the intervals 

{x\ \x - aj\ < d-u{A,B)] , i = l,...,n 

are disjoint, and each of them contains an element of B. Therefore, jfly — by | < d'^{A,B) 
for all /. If fly and hj have opposite signs, then \a'- — b'j\ < |fly — bj\ by definition. If 
/ bj > 0, then 

< \{aj-i3{A))-{bj-jS{B))\ < \aj-bj\ + n\3{A)-3{B)\ 

< {2n + l)dn{A,B). 

The case fly, by < is treated the same way. We conclude that 

dniriA),r{B)) < max|fl' -b'| < (2n + 1) d^(A, B). □ 

The following Lipschitz decomposition lemma is similar to Proposition 1.6 in [11 J. 
The subject of ||TT| is unordered n-tuples rather than subsets, but this has little effect 
on the proof. 
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Lemma 4.3. Let X and Y be metric spaces, diamX = D < oo. Suppose that f: X — )> Y^"' 
is an L-Lipschitz function such that 

(4.3) diam/(xo) > 3LD{n — 1) for some xq G X. 

Then there are L-Lipschitz functions g,h: X — ^ y("-i) such that f{x) = g{x) U h{x) for all 
X ex. 

Proof. Following fTTl, we consider the family <S of all sets E C /(xq) such that diam E < 
3LD(|£| — 1). Ordered by inclusion, S has maximal elements. Choose and fix such 
a maximal set E, and note that £ is a proper subset of /(xq). The maximality of E 
implies that 

(4.4) dist(y, E) > 3LD for all y € /(xq) \ E 
for otherwise EU {f{xo} would be in 5. Let 

G = {y eY: dist(y,E) < LD}; H = {yeY: dist(y,/(xo) \ E) < LD}. 

We claim that the functions g{x) = f{x) HG and h{x) = f{x) D H have the desired 
properties. 

Indeed, for every x E X the set f{x) is within Hausdorff distance LD of f{xo). It 
follows that /(x) C GUH and both intersections / (x) n G and / (x) n H are nonempty. 
This implies g{x), h{x) G y("^^). To check the Lipschitz property, take Xi, X2 G X and 
let p = £f^(/(xi),/(x2)). Since p < LD < dist(G,H), every point of /(xi) n G must 
be within distance p of /(X2) n G, and vice versa. Hence 

dn{g{xi),g{x2)) <p< Ldx{xi,X2) 
and the same applies toh. □ 

The following Lipschitz homotopy lemma parallels Lemma 1.8 in fTT]. It says that 
the metric space M^"^ is Lipschitz k-connected for all A: = 1,2, ... , that is, all Lipschitz 
homotopy groups of R*^"^ are trivial. Here the difference between R^") and the space 
of unordered n-tuples considered in fTT] is more significant: it requires an appeal to 
the Lipschitz retraction in Lemma l4!2l 

Lemma 4.4. For each integer n > 1 there is a constant C„ such that for any closed ball 
B C R'' (k = 1,2,...) and any L-Lipschitz map f: dB —> R("), there is a C„L-Lipschitz map 
f:B^ R(") that agrees with f on dB. 

Proof. We may assume that B is the unit ball {x G R'^ : |x| < 1}. As in [TT] we proceed 
by induction on n, the case n = 1 being well-known. Assuming the lemma proved for 
all n' < n, we pick xq G dB and consider two cases. 
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Case 1: The assumption of Lemma 1431 is satisfied, that is, diam/(:co) > 6L(n — 1). 
Decompose / = g U /z as in the lemma. By the inductive hypothesis the maps g and 
h have C„_iL-Lipschitz extensions g,h.: B —> Their union g U h is a C„_iL- 

Lipschitz map of B into R(^"^-^), and it agrees with / on 9B. Applying the Lipschitz 
retract from r(^"^^) onto , we obtain the desired Lipschitz extension /. 

Case 2: diam/(a:o) < 6L(n — 1). Translating /, may assume that G f{xo). For 
X G 3B and < r < 1 define f{i"x) = r f{x). Clearly, / is L-Lipschitz on every sphere 
rdB. Also, for any fixed x ^ dB the map r i— > r f{x) is 6L(n — 1)-Lipschitz, since f{x) 
is contained in the ball of radius 6L(n — 1) centered at the origin. It follows that / is 
Lipschitz on B, with a constant of the form C„L. □ 

Remark 4.5. The proof of Lemma [4.41 would immediately extend to the space (R**)*^"^ 
with d > 2 if we had a version of Lemma [42l for this space. 

Proof of Theorem lOl Let /: R^"' —> R'" be the bi-Lipschitz embedding provided by 
Theorem ll.il Being Lipschitz fc-connected for all k (Lemma mil, the set E = /(R(")) 
enjoys the following Lipschitz extension property: every Lipschitz map from a subset 
of R"' to E extends to a Lipschitz map from R"' to E (see Corollary 1.7 in Il7i or 
Theorem 6.26 in [7J). Extending the identity map id : E — > £ in this way, we obtain the 
desired Lipschitz retraction r: R*" — >• E. Since R"' is an absolute Lipschitz retract, so 
are£andR("'. □ 
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